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Semi-Simplicial Types

First, a type A, of points
Ag : Type

Second, for every two points x, y: A, a type A, = y of lines joining x and y
Ay iz Ag) (y: Ag) — Type

Third, for every three points z, y, z: A, and three lines o : A, vy, 5: A, = z,
and v: A, y z atype A, © y a z 3y of triangles with the given boundary

Ay (z:Ap) (y:Ap) (a: Ay zy) (2:Ag) (B: Ay x2) (v: Ay y z) — Type
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Semi-Simplicial Types [cont.]
A SST consists of an infinite list of the data that starts off as follows:
Ay s Type

Ay : (w2 Ag) (z, 0 Ag) — Type
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Semi-Simplicial Types [cont.]
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Semi-Simplicial Types [cont.]

A SST consists of an infinite list of the data that

starts off as follows:
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Semi-Simplicial Types [cont.]

A SST consists of an infinite list of the data that

starts off as follows:

Ay s Type

Al E (‘rm 0 AO) (xm : AO) — Type

A2 C (mom 0 AO) (‘Tm : AO) (5011 c Al Ly ‘Tmu) (mmn 0 AO> (6101 : Al Loy xmn)
(ﬁno : Al Loy 'rmo) — Type

A3 : (Ionm c AO) (.Z‘ 0o ) (6 0011 L o0r x]m) Loy A ) (61 C Al L0y Imnu)
(60110 3 Al Loy L 0100) (fﬂlll Loy Lo ﬁoan ‘Bomo 0101 0110) ( Ly * )
(/81001 Al Ly L 1000) (51010 A Lo 'Twoo) flOll 2 Loy Lopyo 60011 21000 /31001 61010)
(61100 0 Al L 109 ) (fum Lo Ly 6 1000 6 6110)
(fmo d A2 Loy Lo Lot Lano 61010 61100) - Type



The Problem

One of the biggest open problems in type theory was to define semi-simplicial
types internal to a semantically general homotopy type theory

This is related to the problem of defining the hierarchy of points, lines, triangles,
etc. valued in spaces internal to homotopy theory

The problem of defining semi-simplicial sets is easy, i.e. with h-sets instead of
types [although the solutions available in Book HoTT are far from elegant]
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Simplex Categories

Consider the category A whose objects are natural numbers
The number 7 represents a stack of (n + 1) elements

Morphisms are order preserving injections:
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Simplex Categories [cont.]

Let A be a presheaf on A and consider §, : A,

flll
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Simplex Categories [cont.]

Let A be a presheaf on A and consider §, : A,

fm — {a> b, C}




Simplex Categories [cont.]

We define A, to be the category of whole numbers starting from —1
The number —1 represents the stack with no elements

A is obtained from A by adding an initial object



Simplex Categories [cont.]

We define A, to be the category of whole numbers starting from —1
The number —1 represents the stack with no elements

A is obtained from A by adding an initial object

A is known as the semi-simplex category

A_ is known as the augmented semi-simplex category



Semi-Simplicial Sets

A semi-simplicial set can be defined as a family of sets A, for n > 0
Along with maps 0, : A,, — A, _, for k €{0,...,n}
A=A T—4, g As
These have to satisfy that:
0,00, =000, fork<l

This is the fibred formulation



Semi-Simplicial Spaces

If we replace sets with spaces, then the condition on face maps is a homotopy:

&kyliakoalﬁalflo(?k fork<l
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Semi-Simplicial Spaces

If we replace sets with spaces, then the condition on face maps is a homotopy:
Qp 0,00,>20,_,00, fork<l

However, this is generally not satisfactory, as for & < [ < m, we can prove that
0, 00,00, >0, 500, o0, in two different ways

We require coherences f3, , ,, that:

61«, l,m J ak,l * am '81—1 * Ckk, m" Ckl—l, m—1% 8k = ak * Oél, m 'ak, m—1% al 'am—Z * Qk?,l



Semi-Simplicial Spaces [cont.|

This last condition can be visualised as follows:

al—l ° 8k ° am 8l—l ° am—l ° ak
ak’ e al ° am amf? © 6lfl ° ak
O 00100 Oppn ©0) 00



Semi-Simplicial Spaces [cont.]

Next, considering a sequence of four consecutive face maps, we obtain a higher
dimensional condition in the form of a permutahedron:

4321

Writing down a formula for the required higher homotopy is very difficult!



Crux

When trying to construct SST in an indexed manner, one needs to prove a
theorem about the construction

To prove that theorem, one needs to prove a meta-theorem about the proof of
the theorem

To prove that meta-theorem, one needs to prove a meta-meta-theorem about the
proof of the meta-theorem

And these theorems start to look a lot like the permutahedral coherences!



Overview

Mike Shulman and | constructed a new type theory called Displayed Type Theory
that solves the problem of constructing SST

This solution is very satisfying because the idea behind it says something
fundamentally new about semi-simplicial types, mathematically and
independently of type theory



Overview [cont.|

To explain this solution, we first have to explain what it means to be a model of
dependent type theory

Then, if we have any starting model, we build a new model, called the simplicial
model in which everything is a triangle
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which enables a construction



Overview [cont.|

To explain this solution, we first have to explain what it means to be a model of
dependent type theory

Then, if we have any starting model, we build a new model, called the simplicial
model in which everything is a triangle

The key of this construction is that it is made in terms of disp/ay, which gives us
new language only applicable in a diagram model

Using this new language, we can state a universal property for SST as a diagram,
which enables a construction

Taking the discrete part of this diagram gives us an object SST in our arbitrary
starting model

We thus have language for working with SST in full semantic generality



@

The Semantics of Dependent Type Theory



Settings for Space

There are various notions of settings for homotopy theory

These include model categories and oo-toposes



Settings for Space

There are various notions of settings for homotopy theory

These include model categories and oo-toposes

One key notion present in any such setting is that of a fibration



Settings for Space

There are various notions of settings for homotopy theory

These include model categories and oo-toposes
One key notion present in any such setting is that of a fibration

The type theory notion of an indexed type semantically corresponds to a fibration
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Categories with Families
In this talk, we will formally delve into one notion of fibrations
This is known as a Category with Families (CwF)

DerFINITION: A CwF consists of a category (7, along with a chosen terminal
object 1, and equipped with the data of two families of presheaves

Ty : @ — Set

Tm:(/e Ty)°P—>5et

and, for every I' : ob, and A : Ty I', a chosen representation of the presheaf

A (o : more (A, T)) x Tm A A°
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The objects of the category € are called contexts and are denoted by A, I

For I' : obpe, we write
I' ctx

The empty context is the chosen terminal object 1, and is denoted by

() ctx



Notation

The objects of the category € are called contexts and are denoted by A, I

For I' : obe, we write
I' ctx

The empty context is the chosen terminal object 1, and is denoted by
() ctx
The morphisms of ¢ are called substitutions and are denoted by o, 7
For o : moro (A, I'), we write
c:A—T
The unique substitution into the empty context is denoted by

[1:T=()



Notation [cont.|

The elements of the presheaf Ty are called types and are denoted by A, B

For A: Ty I', we write
v:I'F A ~type



Notation [cont.|

The elements of the presheaf Ty are called types and are denoted by A, B
For A: Ty I', we write

v:T'F A ~type
The elements of the presheaf Tm are called terms and are denoted by ¢, s

Fort: Ty ' A, we write
v:THty: Ay



Notation [cont.|

The elements of the presheaf Ty are called types and are denoted by A, B
For A: Ty I', we write

v:I'F A ~type
The elements of the presheaf Tm are called terms and are denoted by ¢, s
Fort: Ty ' A, we write

v:TkHty: Ary

We denote the functorial action of substitutions by

c:A—>T v:I'F A ~type c:A—T v:I'Fty: A~y
d:AF A (00) type d:AFt (0d): A (00)




Notation [cont.|

We now consider the hypothesis of the chosen representation of

A (o : more (A, T)) x Tm A A°



Notation [cont.|

We now consider the hypothesis of the chosen representation of
A (o : more (A, T)) x Tm A A°
First, for I' ctx and v : I' = A ~ type, we get the representing object
(v:T, a: A7) ctx

This is known as the context extension



Notation [cont.|

We then have a natural family of bijections:

(A—)(W:F, a:Ay))ﬁ((o:A%F) x (§:AFtd:A (05)))



Notation [cont.|

We then have a natural family of bijections:
(A%WR a=A~/>) ~ ((azA—>F) X (0:AFtd: A (0—5)))

By Yoneda, this is determined by evaluating at 1. . 1)



Notation [cont.|

We then have a natural family of bijections:
(A—>(7:F, a:A7)> ~ ((U:A%r) X (§:AFtd: A (05)))

By Yoneda, this is determined by evaluating at 1. . 1)

The first component gives the parent map:

ptt:(y:T, a: Ay) =T



Notation [cont.|

We then have a natural family of bijections:
(A—>(7:F, a:Aw) ~ ((U:A—>F) X (§:AFtd: A (05»)

By Yoneda, this is determined by evaluating at 1. . 1)

The first component gives the parent map:
ptA s (:T, at Aq) T
The second component gives the zero variable:

v:0, a: Aykazvd [v, a]: A (pt? [, al)



Notation [cont.|
Given the natural family of bijections:
(A—>(7:F, a:Aw) ~ ((U:A%r) X (§:AFtd: A (05)))
By Yoneda, the forwards direction of the map is:

(T:A—> (v: T, a:Ay)) > (ptAoT, (ZVA)T>



Notation [cont.|

Given the natural family of bijections:
(A—>(7:F, a:Aw) ~ ((U:A%r) X (§:AFtd: A (05)))
By Yoneda, the forwards direction of the map is:
(7’2 A—(y:T',a: A ’y)) S (ptA °T, (sz)T>
We have a map in the reverse direction representing substitution extension:

o:A—>T d:AFtd: A (00)
[0, t]: A= (v:T, a: A~)




Notation [cont.|

The fact that the two maps outlined above are inverse bijections says that:
[.Foro:A—Tandd: AFtd: A (00),

ptiolo, t]=0
(ZVA)[U’ t] =t

II. For 7: A — (y: T, a: A~),

[ ptA o T, (sz)T ] =



Notation [cont.|

Note that the construction above say that the following diagram is a pullback:

[a o ptA7, szg]

(0: A, a:A (0))) (v:T, a: A~v)

a
ptAUl lptA

JAN r




Notation [cont.|

Note that the construction above say that the following diagram is a pullback:

[a o ptA7, szU]

(0:A, a:A (00)) (v:T, a: A7)

a
ptAUl lpt“‘

JAN r

(o

Thus we have a strictly functorial assignment of distinguished pullbacks of parent
maps along arbitrary substitutions



©

The Simplicial Model
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Diagram Models

Let € be a category with families

We want to construct @Aip, which is known as a diagram model

The underlying category of €2+ is just C-valued presheaves in A"

The fibrant structure of @2 is known as the Reedy model structure

However, we will give a new custom construction of this CwF structure that uses
special properties of A"



Diagram Models [cont.]

We will refer to the starting model € as the discrete model, denoted dm

We refer to the diagram model C2*" as the simplicial model, denoted sm



Diagram Models [cont.]

We will refer to the starting model € as the discrete model, denoted dm

We refer to the diagram model C2*" as the simplicial model, denoted sm

For n > —2, let A’} denote the full subcategory of A, on objects £ < n
In order to construct €2+, we will first construct €2+

We will refer to G2+ as the truncated simplicial model, denoted sm”



Categorical Structure

Recall that in A, the objects are whole numbers (k) for & > —1
Let B be the type of binary digits, which are 0, 1 : B

For n > m > —1, let B")> (" be the type of length 1 + 1 binary sequences such
that exactly m + 1 of the digits have value 1



Categorical Structure

Recall that in A, the objects are whole numbers (k) for & > —1
Let B be the type of binary digits, which are 0, 1 : B
For n > m > —1, let B ™ be the type of length 7 + 1 binary sequences such
that exactly m + 1 of the digits have value 1
The identities 1/,,, are given by length 1 + 1 sequences of the digit 1
For b : B (%) we obtain 0b : B{"+1)> () and 14 : Bn+1: ++1) by |eft appending
0by 0o by = 0 (by 0 by)
1by o 1by = 1 (by 0 by)
1by o 0by = 0 (by o by)



Categorical Structure [cont.]

If I' ctx,,,», then I" is a C-valued presheaf on A’

Thus we have, for m > —2, that I, ctxy,,, such that I' , = ()

dm



Categorical Structure [cont.]

If I' ctx,,,», then I" is a C-valued presheaf on A’

Thus we have, for m > —2, that I, ctxy,,, such that I' , = ()

dm

Also, for any b : B> (M) we have T'? : r,—r,,
We write 1 for I'* ~



Categorical Structure [cont.]

There are two functors of relevance — truncation and décalage

T @AY Ly Al (=)D : @AL' _y pAT
(ﬂ-F)m—&-l = F77H—1 (FD)m+1 = Fm—i—2

(D)’ =T? (rP)’ = rw

(ﬂ-o-)m—i—l = Om+1 (O-D)m+1 = m+2



Categorical Structure [cont.]

There are two functors of relevance — truncation and décalage

m: EATTT Ly AL (-)D: ATy AT
( )m+1 Fm+1 (FD)mH =L
(T’ = (r°)’ =
(mo), mal = Im+1 (UD)mH = Om+2

There is a natural transformation between them:

p: ()P =

(’OF)m—&-l = [0tm+)
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At the most basic level, we would like to define the judgement

v i A 7y type
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Intuition
At the most basic level, we would like to define the judgement
v i A 7y type
A simplicial type consists of its discrete m-simplex types for m < n + 1

Vo1 i Ty bgm Ay 74 type
Yo : Loy 3,0 A1 %° Fam Ao Y0 3 type
’71 5 Fl? 301\ : Afl ’Yl@@? mm 5 AO ,71®]1 31\\)7 xw : AO 71]1® 3% |_dm Al ’71 3(m xm xw type

We will write the type declarations of A, generically as:

Trn+1 * Fn+17 da : 7T-148(n+1) Vn+1 l_dm An+1 Vn+1 oa type



Intuition [cont.]

Similarly, for terms, we would like to define the judgement

'y:rl_sanrlt/y:A/y



Intuition [cont.]

Similarly, for terms, we would like to define the judgement
'y:rl_smrwrl t/YA/y
A simplicial term consists of its discrete 1m-simplex components for m < n + 1

Yor i Py bgmtog 721 2 Ay v
Yo : Lo Fam to 70 * 4o Y0 (t—l ’Yo®)
YT Fam t1 1t A (t71 7()@@) (to “/1®ﬂ> (to %M)



Intuition [cont.]
Similarly, for terms, we would like to define the judgement
'y:rl_smrwrl t/YA/y
A simplicial term consists of its discrete 1m-simplex components for m < n + 1
Yoa il g bgmtg vt Ay v
Yo # T'o Fam to 70 * 4o %0 (t—l ’Yo®)
Y10 Fam b1 715 A (t71 7()@@) (to “/1®ﬂ> (to %M)

We will write the type declarations of 7, ; generically as:

Tnt1 Fn+1 l_dm tn+1 Y41t AnJrl Tn+1 (ﬂ_t(’)(n+1) IYnJrl)



Matching Objects

We now construct of the fibrant structure of the truncated simplicial model
As we saw, a key part of this is the matching contexts and matching substitutions

v il g n Ay type

Tn+1 ¢ F7L-i-1 I_dm A8(7z+1) Tn+1 tel

vy il bty Ay

Tn+1 ¢ Fn-i—l I_dm tB(n—&-l) Tn+1 ¢ Aa(n—I—l) Yrn+1



Types and Terms

Types and terms in the truncated simplicial model are then defined as follows:

sl Fon TA 47 type
Tni1 * Fn+17 da : WAB(71,+1) VYn+1 }_dm An+1 Tn+1 da type

e r |_sm’“rl A 7 type

v iml by ity WA T

Tn+1 ° Fn-‘,—l '_dm n+l Tn+1 * An—i—l Tn+1 (ﬂ-ta(n—‘rl) 7n+1)

7:F|_sm”'+1t7:‘47



Extension

Extension of contexts by a type v : ', .1 A 7 type is obtained as follows

(7:F7 azA,y)m-i—l
(v:T, a:A9)

(v :7l, a” : A 7_>m+1 for m<n

il (’yn—kl : F'rL+17 da : 7.‘—"Lla(n-i-l) Tnt1, @ ¢ An-‘,—l Yrn+1 aa)



Extension

Extension of contexts by a type v : ', .1 A 7 type is obtained as follows

(’Y : F7 @ A ,Y)m-i-l
(v:T, a:A9)

(v :al, a” :mA~7) » for m<n

(7n+1 : F’IL+17 da : WAa(n-i—l) Tnt1, @ ¢ An+1 Yrn+1 3@)

n+1

Extension of a substitution by a term v : ' _ ... ¢ 7v: A 7 is obtained as follows

= A for m<n

[ 7 ¢ ]m—I—l m+1

[ o, t ]n+1 |: Ont1s Wta(n+1)7 thrl



Display

Décalage comes with a fibrant counterpart known as display

v: T Fpnin A 7y type il bk ty: Ay

vt TP, a: wAPr vF . A 4t a type At TPk, . td 4t 0 Ad 4+ gter

sm™



Display

Décalage comes with a fibrant counterpart known as display

v b A 7y type vyl bty Ay

vt TP, a: wAPr vF . A 4t a type At TPk, . td 4t 0 Ad 4+ gter

sm™

Our construction will prove the following formulas for déclage:

(v:T, a: A7) = (v :TC, a:mAPr 4%, a’ : A% 7" )
D

[0, t]1P = [ 0P, mtra, t4]



Inductive Definitions

Matching contexts and substitutions are inductively defined as follows:
Ao-1) = Oy
A8(7L+2) Tnt+2 = (aa : (WAP#F>3(,,L+1) TYny2s @ F (Apr)n_,,_l VYn+2 da,

oa’ : (Ad)f)(nJrl) [7n+27 Oa, a ])



Inductive Definitions [cont.]

For display, we define:

Thus, just like décalage, display is a shift map



Inductive Definitions [cont.]

For display, we define:

Thus, just like décalage, display is a shift map

There is a lot more structure left to define a full CwF structure

What is presented here is sufficient to highlight the roles of décalage and display



Display in Type Theory

We can type theoretically present display as follows:

[y A Type Ik, t:A
[P gy AT APr — Type IO, td: Ad ¢er
Type? A=A — Type Az )9 =Xz ol
(A= B)! f=(x:4) = Az — B! (fx) (fa)!=f"aad

(1T, a: AP = (v :T° a: A%, o' A%a) () =0,



Parametricity

Consider the type of the polymorphic identity function:
Tyg=(A:Type) > A— A
We calculate:
T4 f=(A:Type) (P: A— Type) (x: A) = Px — P (f Ax)

Then if () k-, id: Ty, we have that id? is a proof of this free theorem

sm



Parametricity

Consider the type of the polymorphic identity function:
Tyg=(A:Type) > A— A
We calculate:
T4 f=(A:Type) (P: A— Type) (x: A) = Px — P (f Ax)
Then if () I, id: T, we have that id? is a proof of this free theorem

We then have:

idThm : (id 22 T4) (A : Type) (a : A) — Path A (id A a) a
idThm id A a = id® A (A b — Path A b a) a refl



lterating Display
Now, what happens if we repeatedly apply 47

A Type

A4 A — Type

Add (3 2 A) — Ad 3, — A4 3 — Type

A (5,0 A) (30 AT 5,) (20 AT 5,) =
Add =z oz, — (x,: A% 3,) —

dd dd
A B Loy Lig — A B Lo Lrw — Type

001 100

Everything is a triangle!



@

Semi-Simplicial Types
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i a universe type

~v: ' Type 7 type
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Object Classifiers

In a CwF, an object classifier consists of:
i a universe type
v:I'F Type v type

il an element fibration

v: I, A:Type~yHF El A~ type

iii for every type v: I' = A ~ type a code in the universe
v:I'F Code A ~v: Type «y



Object Classifiers

In a CwF, an object classifier consists of:
a universe type
v:I'F Type v type

an element fibration

v:T, A:Typeyk El A vtype

for every type v : I' = A ~ type a code in the universe
v:I'F Code A ~v: Type «y

such that the pullback of the El fibration along that code exactly yields the
type A, that is
v: T+ El(Code A)y= A~



SSTs Homotopically

Now consider the problem of constructing a classifier for semi-simplicial diagrams

Such a classifier would consist of a type v : [' = SST ~ type, along with a
simplicial diagram tower of the form



SSTs Homotopically

Now consider the problem of constructing a classifier for semi-simplicial diagrams
Such a classifier would consist of a type v : ' = SST  type, along with a
simplicial diagram tower of the form
~v: T, A:SST ~
F El, A type
v:T', A:SST~, a,:Elyv A, a,:EljvA
FElL vAa, a, type

8 Fa A 5 SST Yy Qg ¢ ElO 8 A? Qg ElO Y A’ Ay, Ell 0 A Q. Ay
Ay * EIO 0 A7 Qy, Ell Y A Ay Qyyy Qg Ell Y A Qyyy Ay
- EI2 Y A Ay gy Ay Qg Qg Ay type



SSTs Homotopically [cont.]

This type SST and element fibrations El | are such that for any simplicial
diagram data over a context I', this data arises uniquely as the appropriate series
of pullbacks constructed from some term v : ' = A ~: SST ~

This hypothesis would result in some SST analogue of Code



SSTs Homotopically [cont.]

This type SST and element fibrations El | are such that for any simplicial
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SSTs Homotopically [cont.]

This type SST and element fibrations El | are such that for any simplicial
diagram data over a context I', this data arises uniquely as the appropriate series
of pullbacks constructed from some term v : ' = A ~: SST ~

This hypothesis would result in some SST analogue of Code
Stated in this way, this is an infinitary or non-elementary universal property

It refers to infinite diagrams indexed by the external set of natural numbers (as
opposed to any internal natural-numbers object that may exist in ()

The problem of defining semi-simplicial types can roughly be thought of as one of
giving a finitary universal property for such an object, so that it could be
characterized and even constructed in a finitary syntactic type theory
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Semi-Simplicial Types

MAIN IDEA: A semi-simplicial type X consists of a type X, together with, for
every v : X, a displayed semi-simplicial type over X

In Agda-esque syntax, we write this coinductive definition as:

codata SST : Type where
Z : SST — Type
S : (X :SST) - Z X — SST¢ X
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Unfolding the Definition

codata SST : Type where
Z : SST — Type
S : (X :SST) - Z X — SST¢ X

Thus A : SST consists of:
a type of O-simplicies, Z A : Type
for every x : Z A, a dependent SST called the slice, S A x : SSTd A

Now if B:SSTY A, then B consists of:
a family Z¢ B: Z A — Type
for every 2 : Z A and 2’ : Z9 B z, a doubly dependent SST,
S4Bxax’ :SST! AB (SAx)
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Unfolding the Definition [cont.]

Given A : SST, we get a type of zero-simplices by:
Ay : Type
Ay=Z A

Similarly, B : SSTY A, we get a type of dependent zero-simplices by:
By : Ay — Type
Byy=Z2YBy

Putting this together, if we have two O-simplices z, = : A, of A, then we may
form the type of 1-simplices of A as follows:

Al : ('/L'm : AU) (',1’)1@ : AO) — Type
Al Ly Ty = Zd (S A :I;Dl) Ly
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It therefore stands to reason that any 53 : SSTY A should have a type of
dependent 1-simplices living over the 1-simplices of A

Thus if 5, : A, y, y,, then given dependent endpoints z, : 5, vy, and z, : B; vy,
we should get a type B, v, 2, v, 2, [, this is given by:



Unfolding the Definition [cont.]

It therefore stands to reason that any 53 : SSTY A should have a type of
dependent 1-simplices living over the 1-simplices of A

Thus if 5, : A, y, y,, then given dependent endpoints z, : 5, vy, and z, : B; vy,
we should get a type B, v, 2, v, 2, [, this is given by:
Bl : (ym : AO) (Zm : BO ym) (yw : AO) (Zm : BO ym) (611 : Al Y ym) — Type
By Yy 2y Yu 20 By = 2% (ST By 2,) Y 20 B



Unfolding the Definition [cont.]

Then, putting all of this together again, if we have a O-simplex =, : A, then we
take B=S Az,

For z,, : Ay, we have that B, z,, = Z¢ (S Az,

um) Loy = Al Loy L

010



Unfolding the Definition [cont.]

Then, putting all of this together again, if we have a O-simplex =, : A, then we

take B=S Az,
For z,, : Ay, we have that By z,, =Z¢ (SAx,) o

We thus get the type of 2-simplices of A as follows:

AQ 3 ('/L.nm : AO) ( Loy * ) (5011 A Ly ”er) (‘rm) : AO)
(5101 Al Lo L 100) (6110 Al Loy L 1uo> — Type
A2 Conr Lo Bm Ly [))10 /))110 — de (Sd (S A Tuo) Loy uu) o /))101 Buo

= A, x, T,

010 Hl\



Unfolding the Definition [cont.]

Then, putting all of this together again, if we have a O-simplex =, : A, then we
take B=S Az,

For Ly AO' we have that BO Loy = Zd (S A ‘rm) Ly = A x

001 Hm

We thus get the type of 2-simplices of A as follows:

AZ 3 ('/L'm : AO) (J;um 3 ) (ﬁm A Ly ”Lwo) ('/L'mw : AO)
(5101 Al Lo L 100) (ﬂuu Al Do L hw) — Type
AQ i Lo [)) Ly Blul /)}110 — de (Sd (S A Tuul) Loy un) Ly Py 611\

In general, this pattern continues in higher dimensions and the process described
lets us extract n-simplex types.



Visualisation One

We can visualise what's going on in two different ways
The first visualisation shows how the 7n-simplices of the slice of A over x live
dependently over simplices of A:

zl : (S A >O yl lel : (S A )1 ym Z(]l ylﬂ ZIO 11




Visualisation Two

The second visualisation explains our formulas in terms of iterated slicing

Z A Zd (S A ',I;Ul) IIH de (Sd (S A ':CU(M) xmo (JM) 'TU\U ﬁh‘/l /3110

The simplices of the slice are mapping objects
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We give the categorical universal property of SST in the simplicial mode

In general, there are issues of display modifying the context; here we will only
give the UP in the empty context

Suppose that Y closed type in the simplicial mode; we define an endofunctor by:

FY) = Z Z (A—=Ydo

Y) (A:Type)

This endofunctor comes with a copointing ¢, : ' (Y) — Y by way of projection

UNIVERSAL PROPERTY: Our characterization of SST is that it is a terminal
coalgebra of the copointed endofunctor (£ ¢€)
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F(Y) = Z Z (A=Y

(A:Type)
UNIVERSAL PROPERTY: Our characterization of SST is that it is a terminal

coalgebra of the copointed endofunctor (£ ¢)

Thus, SST is the universal object equipped with a map

SST— > ) (A-SST!X)

(X :SST) (A:Type)
such that the first component of this map is the identity



A Categorical Universal Property [cont.|

F(Y) = Z Z (A=Y

(A:Type)
UNIVERSAL PROPERTY: Our characterization of SST is that it is a terminal

coalgebra of the copointed endofunctor (£ ¢)

Thus, SST is the universal object equipped with a map

SST— > ) (A-SST!X)

(X:SST) (A:Type)
such that the first component of this map is the identity
What remains, therefore, is two components:
Z:SST — Type
S:(X:SST) »Z X —SSTY X
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A Categorical Universal Property [cont.|

What remains, therefore, is two components:

Z:SST — Type
S:(X:SST) »Z X —SSTY X

This corresponds to our Agda-esque code:

codata SST : Type where
Z : SST — Type
S : (X : SST) - Z X — SSTY X
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We can define several examples of SSTs
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We can define several examples of SSTs

First, we have the singular semi-simplicial types

Sing : Type — SST

Z (Sing A) = A

S (Sing A) = = Sing? A (A y — Path 4 z y)



Examples of SSTs

We can define several examples of SSTs

First, we have the singular semi-simplicial types

Sing : Type — SST

Z (Sing A) =

S (Sing A) = = Sing? A (A y — Path 4 z y)

Next, we can define products of SSTs
®_ : SST — SST — SST

(X®Y)=Z X xZY
(X ®

z
S Y) (z,y)=(5SXz) & (SYy)
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In dTT, SST is a special case of a displayed coinductive types
Here are some more examples of what we can do:

codata Pt (X : SST) : Type where
zp - Pt X - 72 X
sp: (p: Pt X) =Pt X (SX (zpp)) p



Displayed Coinductive Types

In dTT, SST is a special case of a displayed coinductive types
Here are some more examples of what we can do:

codata Pt (X : SST) : Type where
zp : Pt X - Z X
sp: (p: Pt X) =Pt X (SX (zpp)) p

codata Hom (X Y : SST) : Type where
zhom : Hom X YV =+ Z X = Z2 Y
shom : (f : Hom X Y) (2 : Z X) —
Hom X (S X 2) Y (S Y (zhom f z)) f
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Correctness of the Definition

We assume that our starting CwF for the discrete mode has w-limits

This will be true for any oo-topos model

Then we can show that SST is indeed a classifier for semi-simplicial diagrams
On the other hand, we conjecture that there are models of dTT, perhaps

obtained from realizability, that admit a construction of SST, in our sense, that
do not admit a classifier for semi-simplicial diagrams

If this were the case, then our characterisation would be a more general notion of
internal or uniform diagrams, as opposed to the external version presented at the
start of this section



Thank you for listening to my talk!



